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Abstract. Let K be a field and let S = K[x1, . . . , xn] be a polynomial ring over
K. Let F = ⊕r
i=1
Sei be a finitely generated graded free S-module with basis
e1, . . . , er in degrees f1, . . . , fr such that f1 ≤ f2 ≤ · · · ≤ fr. We examine some
classes of squarefree monomial submodules of F . Hence, we focalize our attention
on the Betti table of such classes in order to analyze the behavior of their extremal
Betti numbers.
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Introduction
Let K be a field and let S = K[x1, . . . , xn] be the polynomial ring in n variables
with coefficients in K. Let F = ⊕ri=1Sei be a finitely generated graded free S-
module with basis e1, . . . , er in degrees f1, . . . , fr, renumbered as necessary so that
f1 ≤ f2 ≤ · · · ≤ fr.
A monomial submodule M of F is a submodule generated by monomials, i.e.,
M = ⊕ri=1Iiei, where Ii are the monomial ideals of S generated by those monomials
m of S such that mei ∈ M . A monomial submodule M = ⊕
r
i=1Iiei ( F is a
squarefree monomial submodule if every Ii is a squarefree monomial ideal of S.
If F = S, then a squarefree monomial submodule of F is a squarefree monomial
ideal of S. The class of squarefree monomial ideals has been studied from viewpoint
of commutative algebra and combinatorics (see, for example [1, 2]).
In this paper, we are interested in the study of some classes of squarefree monomial
submodules: squarefree stable submodules, squarefree strongly stable submodules and
squarefree lexicographic submodules.
As in the theory of squarefree monomial ideals, we have the following hierarchy of
squarefree monomial submodules: squarefree lexicographic submodule⇒ squarefree
strongly stable submodule ⇒ squarefree stable submodule.
In [1], Aramova, Herzog and Hibi constructed the explicit minimal graded free
resolution of a squarefree stable ideal, similar to the Eliahou-Kervaire resolution of
a stable ideal [11], and stated a formula for computing the Betti numbers of such
class of ideals. Such formula is a fundamental tool if one wants to study the Betti
table of a squarefree stable submodule.
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If M is a finitely generated graded S-module, a Betti number βk,k+ℓ(M) 6= 0 is
called extremal if βi,i+j(M) = 0 for all i ≥ k, j ≥ ℓ, (i, j) 6= (k, ℓ).
The extremal Betti numbers were introduced by Bayer, Charalambous and Popescu
in [3] as a refinement of two invariants of the module M : the projective dimension
and the Castelnuovo-Mumford regularity.
Indeed, if βk1,k1+ℓ1(M), . . . , βkt,kt+ℓt(M), k1 > · · · > kt, ℓ1 < · · · < ℓt, are all
extremal Betti numbers of M , then k1 = projdimS(M) and ℓt = regS(M).
The behavior of the extremal Betti numbers for some classes of monomial ideals
in polynomial rings in a finite numbers of variables over a field was studied by Crupi
and Utano in [7, 8]. Subsequently, the same authors [9] examined such special graded
Betti numbers for a lexicographic submodule M of a finitely generated graded free
S-module.
In this paper we devote our attention on the extremal Betti numbers of a square-
free stable submodule. We characterize the extremal Betti numbers of such class of
monomial submodules and give a criterion for determining their positions and their
number.
The plan of the paper is the following. In Section 1, some notions that will be
used throughout the paper are recalled. In Section 2, the classes of squarefree stable
submodules, squarefree strongly stable submodules and squarefree lexicographic-
submodules are examined and some relevant properties discussed. In Section 3,
the behavior of the extremal Betti numbers for the squarefree stable submodules
is studied; the characterization of these invariants is the main result. In Section 4,
given a squarefree stable submodule M of the free S-module Sr, r ≥ 1, a criterion
to recognize among all the graded Betti numbers of M those extremal ones is given.
Section 5 contains an application on the so called super extremal Betti numbers of
a squarefree lexicographic submodule.
1. Preliminary and notation
Throughout this paper, let S = K[x1, . . . , xn] be the polynomial ring in n variables
over a field K and F = ⊕ri=1Sei a finitely generated graded free S-module with basis
e1, . . . , er in degrees f1, . . . , fr such that f1 ≤ f2 ≤ · · · ≤ fr. We consider S as an
N-graded ring and each deg xi = 1.
The elements of the form xaei, where x
a = xa11 x
a2
2 . . . x
an
n for a = (a1, . . . , an) ∈ N
n
0 ,
are called monomials of F .
A monomial mei ∈ F is called a squarefree monomial of F if m is a squarefree
monomial of S, i.e., m = xi1xi2 · · ·xid with 1 ≤ i1 < i2 < · · · < id ≤ n.
For every monomial mei ∈ F , we set
deg(mei) = deg(m) + deg(ei).
In particular if F ≃ Sn and ei = (0, . . . , 0, 1, 0, . . . , 0), where 1 appears in the i-th
place, one has
deg(mei) = deg(m).
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A monomial submodule M of F is a submodule generated by monomials, i.e.,
M = ⊕ri=1Iiei, where Ii are the monomial ideals of S generated by those monomials
m of S such that mei ∈M [12].
A monomial submodule M = ⊕ri=1Iiei ( F is a squarefree monomial submodule
if every Ii is a squarefree monomial ideal of S, i.e., every Ii is a monomial ideal of
S generated by squarefree monomials.
For every monomial ideal I  S, we denote by G(I) the unique minimal set
of monomial generators of I, by G(I)ℓ the set of monomials v of G(I) such that
deg v = ℓ and by G(I)>ℓ the set of monomials u of G(I) such that deg u > ℓ.
For every monomial submodule M = ⊕ri=1Iiei of F such that Ii ( S, for i =
1, . . . , r, we set
G(M) = {uei : u ∈ G(Ii), i = 1, . . . , r},
G(M)ℓ = {uei : u ∈ G(Ii)ℓ−fi, i = 1, . . . , r},
G(M)>ℓ = {uei ∈ G(M) : u ∈ G(Ii)>ℓ−fi, i = 1, . . . , r}.
Let M be a finitely generated graded S-module, then M has a minimal graded
free S-resolution
F. : 0→ Fs → · · · → F1 → F0 →M → 0,
where Fi = ⊕j∈ZS(−j)
βi,j . The integers βi,j = βi,j(M) = dimKTori(K,M)j are
called the graded Betti numbers of M .
Definition 1.1. A Betti number βk,k+ℓ(M) 6= 0 is called extremal if βi, i+j(M) = 0
for all i ≥ k, j ≥ ℓ, (i, j) 6= (k, ℓ).
The pair (k, ℓ) is called a corner.
2. Squarefree monomial submodules
In this Section, we analyze some classes of squarefree monomial submodules of
the finitely generated graded free S-module F = ⊕ri=1Sei.
If I is a graded ideal of the polynomial ring S, we denote by indegI the initial
degree of I, i.e., the minimum t such that It 6= 0.
For a monomial 1 6= u ∈ S, we set
supp(u) = {i : xi divides u},
and
m(u) = max{i : i ∈ supp(u)}.
Moreover, we set m(1) = 0.
Definition 2.1. Let I ( S be a squarefree monomial ideal. I is called a squarefree
stable ideal if for all u ∈ G(I) one has (xju)/xm(u) ∈ I for all j < m(u), j /∈ supp(u).
I is called a squarefree strongly stable ideal if for all u ∈ G(I) one has (xju)/xi ∈ I
for all i ∈ supp(u) and all j < i, j /∈ supp(u).
For every 1 ≤ d ≤ n, let [x1, . . . , xn]
d be the squarefree monomial ideal of S
whose minimal system of monomial generators is given by all the degree d squarefree
monomials in the variables x1, . . . , xn.
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For example, for n = 4 and d = 3,
[x1, . . . , x4]
3 = (x1x2x3, x1x2x4, x1x3x4, x2x3x4).
Following [14], we give the following definition.
Definition 2.2. A submodule M of F is a squarefree stable submodule if
(1) M = ⊕ri=1Iiei is a squarefree monomial submodule with Ii ( S, for i =
1, . . . , r;
(2) for every squarefree monomial uei ∈ M , u ∈ S, then xj
u
xm(u)
ei ∈ M , for all
j < m(u), j /∈ supp(u);
(3) [x1, . . . , xn]
fj−fiIj ⊆ Ii for every j > i.
Proposition 2.3. Let M ⊆ F be a graded submodule.
Then M is a squarefree stable submodule of F if and only if
(i) M = ⊕ri=1Iiei, with Ii  S squarefree stable ideal, for i = 1, . . . , r, and
(ii) [x1, . . . , xn]
fi+1−fiIi+1 ⊆ Ii, for i = 1, . . . , r − 1.
Proof. In order to prove the assert it is sufficient to show that condition (3) in
Definition 2.2 is equivalent to the following inclusion:
(2.1) [x1, . . . , xn]
fi+1−fiIi+1 ⊆ Ii,
for i = 1, . . . , r − 1.
It is clear that statement (2.1) follows from condition (3) for j = i+ 1.
Hence, in order to prove the required equivalence, it is sufficient to verify that
[x1, . . . , xn]
fi+t−fiIi+t ⊆ Ii, for t ≥ 1.
We proceed by induction on t.
For t = 1 the assert follows from (2.1).
Now take t > 1 and suppose [x1, . . . , xn]
fi+t−fiIi+t ⊆ Ii.
Since
[x1, . . . , xn]
fi+t+1−fiIi+t+1 = [x1, . . . , xn]
fi+t+1−fi+t+fi+t−fiIi+t+1,
from (2.1), we have
[x1, . . . , xn]
fi+t+1−fiIi+t+1 ⊆ [x1, . . . , xn]
fi+t−fiIi+t,
and from the inductive hypothesis we get the stated result. 
Furthermore, we give the following definition.
Definition 2.4. A submodule M of F is a squarefree strongly stable submodule if
(1) M = ⊕ri=1Iiei, with Ii  S squarefree strongly stable ideal, for i = 1, . . . , r;
(2) [x1, . . . , xn]
fi+1−fiIi+1 ⊆ Ii, for i = 1, . . . , r − 1.
Remark 2.5. If M is a graded submodule of the finitely generated graded free S-
module Sr, then M is a squarefree (strongly) stable submodule of Sr if and only if
M = ⊕ri=1Iiei, with Ii  S squarefree (strongly) stable ideal, for i = 1, . . . , r, and
Ir ⊆ Ir−1 ⊆ · · · ⊆ I1.
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For every 1 ≤ d ≤ n, let {x1, . . . , xn}
d be the set of all squarefree monomials of
degree d in the variables x1, . . . , xn. We can order {x1, . . . , xn}
d with the squarefree
lexicographic order ≥slex [1].
Precisely, let
u = xi1xi2 · · ·xid, v = xj1xj2 · · ·xjd,
with 1 ≤ i1 < i2 < · · · < id ≤ n, 1 ≤ j1 < j2 < · · · < jd ≤ n, be squarefree
monomials of degree d in S, then
u >slex v if i1 = j1, . . . , is−1 = js−1 and is < js,
for some 1 ≤ s ≤ d.
A nonempty set L ⊆ {x1, . . . , xn}
d is called a squarefree lexsegment set of degree
d if for u ∈ L, v ∈ {x1, . . . , xn}
d such that v >slex u, then v ∈ L.
Definition 2.6. Let I ( S be a graded ideal. I is a squarefree lexsegment ideal
of degree d if I is generated by the squarefree monomials belonging to a squarefree
lexsegment set of degree d.
I is a squarefree lexsegment ideal if for all 1 ≤ d ≤ n, if u, v ∈ {x1, . . . , xn}
d with
u ∈ I and v >slex u, then v ∈ I.
For every d ≥ 1, let Fd be the part of degree d of F ⊕
r
i=1 Sei. Denote by M
s(Fd)
the set of all squarefree monomials of degree d of F . We order such set using the
ordering >slex, above defined. We will denote the new ordering by >slexF .
It is defined as follows: if uei and vej are squarefree monomials of F such that
deg(uei) = deg(vej), then
uei >slexF vej if
{
i < j or
i = j and u >slex v.
Definition 2.7. Let L = ⊕ri=1Iiei be a squarefree monomial submodule of F such
that Ii  S, for i = 1, . . . , r. We call L a squarefree lexicographic submodule if for
each degree d ≥ 1, if u, v ∈Ms(Ld) with u ∈ L and v >slexF u, then v ∈ L.
Proposition 2.8. Let L ( S be a graded submodule.
Then L is a squarefree lexicographic submodule of F if and only if
(i) L = ⊕ri=1Iiei, with Ii  S squarefree lexsegment ideal, for i = 1, . . . , r, and
(ii) [x1, . . . , xn]
ρi+fi−fi−1 ⊆ Ii−1, for i = 2, . . . , r, with ρi = indegIi.
Proof. Let L be a squarefree lexicographic submodule of F .
(i) Since L is a squarefree monomial submodule of F , one has L = ⊕ri=1Iiei, with
Ii squarefree monomial ideal of S, for every i. Let u, v ∈ {x1, . . . , xn}
d with u ∈ Ii
and v >slex u. It follows that vei >slexF uei. Since uei ∈ Iiei and L is a squarefree
lexicographic submodule of F , vei ∈ Iiei, and so v ∈ Ii, i.e., Ii is a squarefree
lexsegment ideal of S for every i.
(ii) Since Ii is a squarefree lexsegment ideal of S, then x1x2 · · ·xρi ∈ Ii, ρi = indegIi,
and consequently x1x2 · · ·xρiei ∈ Iiei. On the other hand, L is a squarefree lex-
icographic submodule of F , then for all u ∈ {x1, . . . , xn}
ρi+fi−fi−1 , we have that
uei−1 >slexF x1x2 · · ·xρiei. Hence, uei−1 ∈ Ii−1ei−1, i.e., u ∈ Ii−1.
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Conversely, let L be a graded submodule of F satisfying (i) and (ii).
Since every ideal Ii is a squarefree lexsegment ideal, we have only to prove that for
any pair (i, j) of integers with 1 ≤ i < j ≤ r, if uei, vej ∈ M
s(Ld), then vej ∈ L
implies uei ∈ L, where M
s(Ld) is the set of all squarefree monomials of degree d of
L.
(Case 1). i = j − 1. Let uej−1, vej ∈M
s(Ld) with vej ∈ L.
Since d = deg uej−1 = deg vej , it follows that deg u = deg v + fj − fj−1 ≥ ρj +
fj − fj−1 and so u ∈ [x1, . . . , xn]
ρj+fj−fj−1 ⊆ Ij−1.
(Case 2). i ≤ j − 2. Let uei >slexF vej with uei, vej ∈M
s(Ld) and vej ∈ L.
For t = i+ 1, . . . , j − 1, set wt = x1x2 · · ·xd−ft .
It is
uei >slexF wi+1ei+1 >slexF wi+2ei+2 >slexF · · · >slexF wj−1ej−1 >slexF vej.
Since d = deg uei = degwtet = deg vej, for t = i+ 1, . . . , j − 1, then, from (Case 1),
wj−1 ∈ Ij−1, wj−2 ∈ Ij−2, . . ., wi+1 ∈ Ii+1 and finally u ∈ Ii. 
Example 2.9. (1) Let S = K[x1, x2, x3, x4] and F ≃ S
2, e1 = (1, 0) and e2 = (0, 1).
The submodule of F
L = (x1x2, x1x3)e1 ⊕ (x1x2x3, x1x2x4)e2
is not a squarefree lexicographic submodule of F even if the ideals (x1x2, x1x3),
(x1x2x3, x1x2x4) are squarefree lexsegment ideals of S. In fact, x1x2x3e2 ∈ L3
but x2x3x4e1 >slexF x1x2x3e2 and x2x3x4e1 /∈ L3. Observe that [x1, x2, x3, x4]
3 *
(x1x2, x1x3).
(2) Let S = K[x1, x2, x3, x4, x5] and F ≃ S
3, e1 = (1, 0, 0), e2 = (0, 1, 0) and
e3 = (0, 0, 1). The submodule of F
L = [x1, x2, x3, x4, x5]
2e1 ⊕ (x1x2x3, x1x2x4, x1x2x5, x1x3x4, x2x3x4x5)e2 ⊕
⊕ (x1x2x3x4, x1x2x3x5, x1x2x4x5)e3
is a squarefree lexicographic submodule of F .
Corollary 2.10. Let L = ⊕ri=1Iiei ( F be a squarefree lexicographic submodule.
Set
µi = max{deg uei : uei ∈ G(Iiei)},
for i = 1, . . . , r. Then
1) µi − fi ≤ indegIi+1 + fi+1 − fi, for i = 1, . . . , r − 1.
2) µ1 ≤ µ2 ≤ · · · ≤ µr.
Proof. It is a consequence of the fact that if L is a squarefree lexicographic submodule
then [x1, . . . , xn]
ρi+fi−fi−1 ⊆ Ii−1, for i = 2, . . . , r, with ρi = indeg(Ii). 
The next result shows the relation between the class of squarefree lexicographic
submodules and the class of squarefree (strongly) stable submodule.
Proposition 2.11. Let L = ⊕ri=1Iiei ( F be a squarefree lexicographic submodule,
then L is a squarefree strongly stable submodule.
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Proof. Since every squarefree lexsegment ideal is a squarefree strongly stable ideal
[1], from Proposition 2.3, it is sufficient to show that
(2.2) [x1, . . . , xn]
fi+1−fiIi+1 ⊆ Ii
for i = 1, . . . , r − 1.
Since
[x1, . . . , xn]
fi+1−fiIi+1 ⊆ [x1, . . . , xn]
fi+1−fi+indegIi+1,
the assert follows from Proposition 2.8. 
Hence, we have the following hierarchy of submodules:
squarefree lexicographic submodule ⇒ squarefree strongly stable submodule ⇒
squarefree stable submodule.
3. Extremal Betti numbers of squarefree stable submodules
In this Section we examine the extremal Betti numbers of squarefree stable sub-
modules.
If I is a squarefree stable ideal, then [1]:
(3.1) βi, i+j(I) =
∑
u∈G(I)j
(
m(u)− j
i
)
.
Hence, since every squarefree stable submodule M ( F is a squarefree monomial
submodule, we have that
(3.2) βk, k+j(M) =
r∑
i=1
βk, k+j−fi(Ii) =
r∑
i=1

 ∑
u∈G(Ii)j−fi
(
m(u)− j + fi
k
) .
The next result shows that all linear strands of a squarefree stable submodule
begin in homological degree 0.
For a positive integer t, we set [t] = {1, . . . , t}.
Lemma 3.1. LetM = ⊕rt=1Itet ( F be a squarefree stable submodule. If βi,i+j(M) 6=
0, then βk,k+j(M) 6= 0 for k = 0, . . . , i.
Proof. If βi,i+j(M) 6= 0, by (3.2) there exists t ∈ [r] and u ∈ G(It)j−ft such that
m(u) ≥ i+ j − ft.
It follows that m(u) ≥ k + j − ft, for k = 0, . . . , i. Hence, βk,k+j−ft(It) 6= 0 and
βk,k+j(M) 6= 0, for k = 0, . . . , i. 
From Definition 1.1, it follows:
Corollary 3.2. Under the same hypotheses of Lemma 3.1 for M . The following
conditions are equivalent:
(a) βk,k+ℓ(M) is extremal;
(b) (1) βk,k+ℓ(M) 6= 0;
(2) βk,k+j(M) = 0, for j > ℓ;
(3) βi,i+ℓ(M) = 0, for i > k.
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Theorem 3.3. Let M = ⊕ri=1Iiei ( F be a squarefree stable submodule.
The following conditions are equivalent:
(1) βk, k+ℓ(M) is extremal;
(2) k+ ℓ = max{m(u) + fi : uei ∈ G(M)ℓ, i = 1, . . . , r} and m(u) + fi < k+ j,
for all j > ℓ and for all uei ∈ G(M)j.
Proof. (1)⇒ (2). By (3.2) βk, k+ℓ(M) 6= 0 if and only if there exists a squarefree
monomial uei ∈ G(M)ℓ such that m(u) + fi ≥ k + ℓ, for some i ∈ [r]. As a
consequence, max{m(u) + fi : uei ∈ G(M)ℓ , i = 1, . . . , r} ≥ k + ℓ.
Suppose t + ℓ := max{m(u) + fi : uei ∈ G(M)ℓ , i = 1, . . . , r} > k + ℓ. Hence,
βt,t+ℓ(M) 6= 0, for t > k. This is a contradiction from Corollary 3.2, (b), whereupon
k + ℓ = max{m(u) + fi : uei ∈ G(M)ℓ , i = 1, . . . , r}.
Suppose there exists j > ℓ and a squarefree monomial uei ∈ G(M)j , for some
i ∈ [r], such that m(u) + fi ≥ k + j. From (3.2), then βk, k+j(M) 6= 0. Again a
contradiction from Corollary 3.2, (b).
(2)⇒ (1). Since k + ℓ = max{m(u) + fi : uei ∈ G(M)ℓ , i = 1, . . . , r}, then
βk, k+ℓ(M) 6= 0 and βi, i+ℓ(M) = 0, for all i > k. On the other hand, m(u)+fi < k+j,
for all j > ℓ and for all uei ∈ G(M)j , implies βk, k+j(M) = 0. Therefore, from
Corollary 3.2, we get the assert. 
As consequences, we obtain the following corollaries.
Corollary 3.4. Let M = ⊕ri=1Iiei ( F be a squarefree stable submodule and let
βk, k+ℓ(M) an extremal Betti number of M . Then
βk, k+ℓ(M) = |{uei ∈ G(M)ℓ : m(u) + fi = k + ℓ, i = 1, . . . , r}|.
Corollary 3.5. Let M = ⊕ri=1Iiei ( F be a squarefree stable submodule.
Set
ℓ = max{j : G(M)j 6= ∅}
and
m = max{m(u) + fi : uei ∈ G(M), i = 1, . . . , r}.
Then βm−ℓ,m is the unique extremal Betti number of M if and only if
m = max{m(u) + fi : uei ∈ G(M)ℓ, i = 1, . . . , r},
and for every w ∈ G(M)j, j < ℓ, m(w) < m.
Remark 3.6. Under the same hypotheses of Theorem 3.3, if F ≃ Sr, βk, k+ℓ(M) is
extremal if and only if
k + ℓ = max{m(u) : uei ∈ G(M)ℓ , i = 1, . . . , r},
and m(u) < k + j, for all j > ℓ and for all uei ∈ G(M)j .
Moreover,
βk, k+ℓ(M) = |{uei ∈ G(M)ℓ : m(u) = k + ℓ, i = 1, . . . , r}|.
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Remark 3.7. If I is a squarefree stable monomial ideal of S and βk,k+ℓ(I) is an
extremal Betti number of I, then from (3.2) and Remark 3.6, we have
(3.3) 1 ≤ βk,k+ℓ(I) ≤
(
k + ℓ− 1
ℓ− 1
)
.
In fact, there are exactly
(
k+ℓ−1
ℓ−1
)
squarefree monomials of degree ℓ in S with
m(u) = k + ℓ.
If M = ⊕ri=1Iiei  F is a squarefree stable submodule and βk, k+ℓ(M) is an ex-
tremal Betti number of M , then there exist some squarefree stable ideals Ij1, . . . , Ijt,
{j1, . . . , jt} ⊆ [n], 1 ≤ j1 < j2 < · · · < jt ≤ r, with (k, ℓ − fj1), . . . , (k, ℓ − fjt) as
corners.
Then
βk, k+ℓ(M) =
t∑
i=1
βk, k+ℓ(Ijieji) =
t∑
i=1
βk, k+ℓ−fji (Iji),
and
1 ≤ βk, k+ℓ(M) ≤
t∑
i=1
(
k + ℓ− fji − 1
ℓ− fji − 1
)
,
where
(
k+ℓ−fji−1
ℓ−fji−1
)
is the number of all squarefree monomials u of S of degree ℓ− fji
with m(u) = k + ℓ.
4. A criterion for determing extremal Betti numbers
In this Section, we describe a criterion for determining the extremal Betti numbers
of a squarefree stable submodule of the graded free S-module Sr, r ≥ 1.
Let M = ⊕ri=1Iiei ( S
r be a squarefree stable submodule.
If M is generated in one degree d, then M has a unique extremal Betti number
βm−d,m(M), where m = max{m(u) : uei ∈ G(M), i = 1, . . . , r}.
Let M be generated in degrees 1 ≤ d1 < d2 < · · · < dt ≤ n.
Set
mdj = max{m(u) : uei ∈ G(M)dj , i = 1, . . . , r},
for j = 1, . . . , t.
Consider the following sequence of non negative integers associated to M :
(4.1) ds(M) = (md1 − d1, md2 − d2, . . . , mdt − dt).
We call it the degree-sequence of M .
Remark 4.1. Assume that for some j ∈ [t], G(M)dj = {x1 · · ·xdj}. Thenmdj−dj =
0.
If F = S, and consequentlyM is a squarefree monomial ideal in S, then mdi−di >
0, for i = 2, . . . , t. Moreover, if G(M)d1 = G(M)indeg(M) = {x1 · · ·xindeg(M)}, then
md1 − d1 = 0.
We can observe that, if
(4.2) md1 − d1 > md2 − d2 > · · · > mdt − dt,
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then, from Theorem 3.3, for i = 1, . . . , t, βmdi−di,mdi (M) is an extremal Betti number
of M .
Suppose that (4.2) does not hold.
We construct a suitable subsequence of the degree-sequence ds(M):
(4.3) d̂s(M) = (mdi1 − di1 , mdi2 − di2, . . . , mdiq − diq),
with d1 ≤ di1 < di2 < · · · < diq = dt and such that, for j = 1, . . . , q, βmdij−dij ,mdij
(M)
is an extremal Betti number of M .
Construction 4.2. The admissible subsequence d̂s(M) is obtained as follows:
di1 is the smallest degree of a monomial generator of M such that
mdi1 − di1 > mdj − dj, for all j > i1;
di2 > di1 is the smallest degree of a monomial generator of M such that
mdi2 − di2 > mdj − dj, for all j > i2 > i1;
. . . . . .
diq−1 > diq−2 is the smallest degree of a monomial generator of M such that
mdiq−1 − diq−1 > mdj − dj , for all j > iq−1 > · · · > i1;
diq = dt.
It is mdi1 − di1 > mdi2 − di2 > · · · > mdiq − diq , and Theorem 3.3 guarantees that
βmdi1−di1 ,mdi1
(M), βmdi2−di2 , mdi2
(M), . . . , βmdiq−diq ,mdiq
(M)
are extremal Betti numbers of M .
The integer q is called the degree-length ofM and gives the number of the extremal
Betti numbers of the squarefree stable submodule M . We will denote such integer
by dl(M).
Examples 4.3. (1) Let S = K[x1, x2, x3, x4, x5, x6, x7] and let
I = (x1x2, x1x3, x1x4, x1x5, x1x6, x2x3x4, x2x3x5, x2x4x5, x2x3x6x7, x3x4x5x6x7)
be a squarefree strongly stable ideal of S.
The degree-sequence of I is
ds(I) = (m2 − 2, m3 − 3, m4 − 4, m5 − 5) = (4, 2, 3, 2).
Following Construction 4.2, the admissible subsequence d̂s(I) is (4, 3, 2) and
dl(I) = 3. The extremal Betti numbers of I are
β6−2,6(I), β7−4,7(I), β7−5,7(I),
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as the Betti table of I shows:
0 1 2 3 4
2 : 5 10 10 5 1
3 : 3 5 2 − −
4 : 1 3 3 1 −
5 : 1 2 1 − −
(2) Let S = K[x1, x2, x3, x4, x5, x6] and F ≃ S
4, e1 = (1, 0, 0, 0), e2 = (0, 1, 0, 0),
e3 = (0, 0, 1, 0), e4 = (0, 0, 0, 1). Let
M = I1e1 ⊕ I2e2 ⊕ I3e3 ⊕ I4e4
with
I1 = (x1x2, x1x3, x1x4, x2x3),
I2 = (x1x2x3, x1x2x4, x1x3x4, x1x3x5, x1x3x6, x2x3x4, x2x3x5, x2x3x6),
I3 = (x1x2x3x4, x1x2x3x5, x1x2x4x5, x1x2x4x6, x2x3x4x5), I4 = (x1x2x3x4x5),
be a squarefree stable submodule of F .
The degree-sequence of M is
ds(M) = (m2 − 2, m3 − 3, m4 − 4, m5 − 5) = (2, 3, 2, 0).
Following Construction 4.2, the admissible subsequence d̂s(M) is (3, 2, 0) and
dl(M) = 3. Indeed, the extremal Betti numbers of M are
β6−3,6(M), β6−4,6(M), β5−5,5(M),
as one can read on its Betti table:
0 1 2 3
2 : 4 4 1 −
3 : 8 13 8 2
4 : 5 5 1 −
5 : 1 − − −
5. An application
In this Section, we consider some special extremal Betti numbers of squarefree
lexicographic submodules.
If M is a finitely generated graded S = K[x1, . . . , xn]-module, then βi, j(M) = 0,
for all i and j > n. Therefore, βi, n(M) is an extremal Betti number if βi, n(M) 6= 0.
Such extremal Betti numbers are called super extremal [2].
The pair (i, n− i) is called a super corner.
Let M = ⊕ri=1Iiei ( S
r, r ≥ 1, be a squarefree stable submodule and G(M) its
minimal system of monomial generators.
Set
bi = |{uej ∈ G(M)n−i : m(u) = n, j = 1, . . . , r}|,
then βi, n(M) = bi, for i = 1, . . . , n− 1. We call
b(M) = (b0, b1, . . . , bn−1)
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the b-vector of M .
For b(I) = (b0, b1, . . . , bn−1), we define the support of b(M) to be the following
set:
supp(b(M)) = {i ∈ {0, 1, . . . , n− 1} : bi 6= 0}.
For every u ∈ {x1, . . . , xn}
d, we denote by 〈u〉 the squarefree lexsegment ideal of
degree d in S defined as follows:
〈u〉 = (w ∈ {x1, . . . , xn}
d : w ≥slex u).
Lemma 5.1. Let n ≥ 3 and X a non-empty subset of {0, 1, . . . , n− 1}.
For every integer r ≥ |X| there exists a squarefree lexicographic submodule L ( Sr
with supp(b(L)) = X.
Proof. Set X = {k1, k2, . . . , kt} with k1 < k2 < · · · < kt and r ≥ t.
By Proposition 2.8, an admissible squarefree lexicographic submodule L ( Sr
such that supp(b(L)) = X is:
L = ⊕t−2j=0[x1, . . . , xn]
n−kt−jej+1 ⊕
(
⊕r−1i=t [x1, . . . , xn]
n−k1ei
)
⊕ 〈x1x2 · · ·xn−k1−1xn〉er.
Note that b(L) = (b0, . . . , bn−1), where bi = 0, for i ∈ {0, 1, . . . , n − 1} \ X ,
bkj =
(
n−1
n−kj−1
)
, for j = 2, . . . , t and bk1 = 1 + (r − t)
(
n−1
n−k1−1
)
.

Proposition 5.2. Given three integers n, t, r such that n ≥ 3, 1 ≤ t ≤ n−1, r ≥ t,
t pairs of integers (k1, ℓ1), (k2, ℓ2), . . . , (kt, ℓt), with
0 ≤ kt < kt−1 < · · · < k1 ≤ n− 1, 1 ≤ ℓ1 < ℓ2 < · · · < ℓt ≤ n
and such that, for i = 1, . . . , t, ki + ℓi = n.
Then there exists a squarefree lexicographic submodule L ( Sr, generated in de-
grees ℓ1, ℓ2, . . . , ℓt with (k1, ℓ1), (k2, ℓ2), . . . , (kt, ℓt) as super corners.
Proof. Set X = {n−ℓt, n−ℓt−1, . . . , n−ℓ1} = {kt, kt−1, . . . , k1}. One has that X is a
non-empty subset of {0, 1, . . . , n−1} and from Lemma 5.1 the squarefree monomial
submodule of Sr:
L = ⊕t−1i=1[x1, . . . , xn]
ℓiei ⊕
(
⊕r−1i=t+1[x1, . . . , xn]
ℓtei
)
⊕ 〈x1x2 · · ·xℓt−1xn〉er
is a squarefree lexicographic submodule generated in degrees ℓ1, ℓ2, . . . , ℓt and such
that supp(b(L)) = X . Thus, bki = βki,n are super extremal Betti numbers of L, and
the assert follows. 
Remark 5.3. Let n = 2. If one considers the pair (k, ℓ) = (0, 2), then there exists
the squarefree lexicographic submodule L = ⊕ri=1(x1x2)ei with b(L) = (r, 0).
If one considers (k, ℓ) = (1, 1), then there exists the squarefree lexicographic sub-
module L = ⊕ri=1(x1, x2)ei with b(L) = (0, r).
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